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SINGULAR MEASURES AND
I” FOURIER TRANSFORMS

BY
DANIEL M. OBERLIN'

ABSTRACT

Let G be the Cantor group or the circle group, and let I" be the dual of G. There
exists a probability measure A on G, singular with respect to Haar measure on
G, such that for 1 =p <2 the inequality

(] 1rran) "=k (3 tier)”

holds for trigonometric polynomials f.

1. Introduction

Suppose G and I' are dual LCA groups. The Hausdorff-Young inequalities
show that if 1 = p =2 and f € L*(T), then the Fourier transform f is defined on
G up to sets of Haar measure 0. But in general there is no definition of f on
E C G if E is null. In certain cases, though, there exist measures A on G which
are singular with respect to Haar measure and for which inequalities such as

R 1/q
1) ([ 17ran) " s Koo
hold for certain values of ¢ and p (1=p <2). (See, e.g., [6], [4].) We are
interested in the case ¢ = 2, and for g = 2 it is easy to see ([5]) that (1) holds if
and only if
r p P’ 1 1 _
#)] AxLP()C LA () ;+?— .

For example, if A € L'(T') where r™'=2-2/p, then (2) holds by Young’s
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inequality. But then p <4/3, since r >2 if A is singular. A more interesting
example is the theorem of Tomas and Stein [5] that (1) holds for G = R",
1=p=2(n+1)/(n+3), q=2, and A the usual measure on the surface of the
unit sphere in R". In this note we prove the following theorem.

THEOREM. If G is the Cantor group D~ or the circle group T and if T is the dual
of G, then there exists a probability measure A on G, singular with respect to Haar
measure, such that for 1 =p <2 the inequality

0 (] 1rpar) "= (S 17enor)

holds for, say, trigonometric polynomials f on G.

p

Our method works as well for several other LCA groups G. Since the
extensions are routine but somewhat lengthy, we sacrifice generality for the sake
of brevity.

2. A lemma
The following elementary lemma constitutes the “‘hard” part of our proofs.

LemMa 1. Suppose 1<p <2 and p~'+q ' = 1. There exists 8,= 8o(p) >0
such that the inequality

1-

2
= a+bl*+

(52 Ya-bF) =1+ @sy)(al + by

holds for 0= 6 < &, and all complex numbers a and b.

Proor. It is enough to suppose that a and b are positive, so that the LHS of
(4) becomes (a’+ b*+2abd)"”. By scaling we can assume that a =1 and
0<b <1. Thus we will actually establish the inequality

) (1+b*+2b6)7=(1+(38)%)"4(1+ b")*», 0<bh <.
If 0<b =8, then

(1+b+2b8)”=1+3b6 = (1+(38)")(1+ b*)"".
We will prove (5) by showing that for 0 = § < 8,(p), the function

14 b>+2bé

F®)="a3pryr
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is decreasing for § = b = 1.
The derivative Fy(b) has the same sign as

1+ b°Y?(2b +28)—2(1+ b*>+2b8)(1 + b7 ) 'p!
=2(1+b?)®"'(b+ & — b?~' — 8b”).
Thus we need only show that
b+8<b? '+ 8bF 0=56<84p), 6=b=1),
or that

b '-b
1-b*

(6) 8= =s(b) (0=5<8(p), d=b=1)

In the next paragraph we will show that s'(b) >0 for 0 < b < 1. Therefore (6) will
hold if s(8)= & or, equivalently, 2= §*~*+ §°. This will hold if
8 =2 = §4(p).

We finish the proof of the lemma by showing that s'(b) >0 for b € (0, 1). The
sign of s'(b) is the same as the sign of

(1= 57)(p — 116"~ 1)~ (b= b)(~ pb*™) =
(p—1)b? 2= (p — 1)b” + b2~ 1=1(b).

Now t(1) = 0, so it is enough to show that ¢'(b) <0 for b € (0,1). But t'(b) <0 is
equivalent to

@) 0<p+(2-p)b>—2b"=u(b).
Since u(1)=0 and
u'(b)=2Q2-p)b(b* -1)<0, be(0,1),

it follows that (7) holds.

3. The Cantor group

Let D ={0,1} with addition modulo 2 be the two-element group. Then
D*=D XD X - is the Cantor group. For g = (g, 82, -+ )€ D", define v.(g)
to be (— 1)*, the nth “Rademacher function” on D”. Our measure A will be any
Riesz product II;_,(1+ 8,y.), where 0=4, <1, 2;_,82=, and 27_,89<x
whenever g > 2. It follows from theorem 4.4 of [3] that such a A is a (continuous)



118 D. M. OBERLIN Israel J. Math.

measure singular with respect to the Haar measure of D~. Thus we need to show
only that if I is the dual of D®, then

® (L. trear) "= k(S 17noe)

for 1 =p <2 and trigonometric polynomials f on D”. This inequality follows
from an iteration of the following “product lemma”.

1/p

Lemma 2. ([2], chapitre III, lemme 1). Suppose that 1=r = s < and that
(X, 1), (Y, n) are two measure spaces. Suppose also that T, and T, are bounded
linear maps of L' (X) into L*°(Y) having norms A, and A; respectively. Consider
the product map T defined by Tf = T:gT:h for f on X X X of the form f(x, x2) =
g(x)h(x;). Then T extends to be a bounded linear map of L'(X X X) into
L*(Y X Y) with norm A,A..

Since the Fourier transformation of functions on I' into functions on D~ is a
product transformation and since A is a product measure, (8) follows from

[a+eayye<e @'+q'=1

and Lemma 1, restated as the inequality

(f,, |FPQL+ 3y2)dg ) U=+ G (FOP +HfGIPYR, 055 <8up).

Here vy, is the nontrivial character on D, while dg denotes normalized Haar
measure on D.

4. The circle group
We take the interval [0, 1) as our model for the circle group T. For t € T, &

will denote the unit point mass at r. Our measure A will be any infinite
convolution

= (1+8,  1-8
% (Lhe 1500,

n=1

where 0= 8, <1, 32.,82=, and Z;_, 81 < whenever ¢ >2. Let &: D" > T
be the mapping

(gl,gz’ o ‘)HIZI glz—l.
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Then the present A is the image under ® of the measure described in Section 3.
Since @ also carries the Haar measure of D~ onto that of T, A is a (continuous)
measure singular with respect to the Haar measure of 7. The inequality

(L lflzd)t)mé Kp("gm If(n)lp>1/p (1=p<2),

for trigonometric polynomials f, follows immediately from the inequality

(3 (G (Se2)))"

o BME1E =1
=(fTu+ear) (S 11o0r)"

which we will prove for 0 = §; < 8,(p) and all M such that 2% = L = length(f).
Since we can assume that f is of the form f(t) = 523 f(n)exp(2mint), (9) can be
rewritten
2) 1/2

©

2M )

ﬁll(_—l)—l 2 c. exp(Zmnz g2 )

<81,"‘»8ME(0,1) j=1 2
M /g f2M=1 p
é(l—[l[1+(33’.)4]> < Zo lcnl”) ‘

i= ne

For M =1, this is Lemma 1 again. We would like to iterate Lemma 1 to obtain
(10). Lemma 2 does not apply here, but the proof of Lemma 2 can be made to
work. So suppose (10) is true, and we will establish the analogue of (10) with M
replaced by M + 1. In the following we will write II3""" in place of

“ﬁ' 1+ (—1)%9
= 2
j=a

(10)

to simplify the typography. Now
M+1 | 2M+1—] M+1 . 2\ 12
< > Il 2 e exp(21rin > g,-2") )

81 8M+1 1 0 1
M+1 1+ (_ llglal 1 . 2M—1

= ( Z ]__[ E 2 l 2 exp(‘frlkg,) 2 Cr+21 exp(27rl[k
82 8M+1 2 81 k=0 =0

M+1 ) 2\ 12
s g,-2_’)’ )
2

2M—1

2 Ci+a2i exp(Zm [k

n’$ o) T7)"

1
k=0

=(_ = Tl-a+esr|

2" 8M+1 2
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Here the inequality follows from Lemma 1. Minkowski’s inequality shows that

2 ]pIZ) i/p

An application of (10) finishes the induction and so establishes (9).

this is dominated by

M+1

aves (3] = T

2M_1 M+1
> Cisz€Xp ( 2mil Y, g27'"! )
27 8M+1 =0 2

5. A comment

It is somewhat interesting to look at the dual formulation of (3):

an (Zinwr) " =k(] Irra)

One consequence of (11) is that if x is the restriction of A to any Borel subset of
G having positive A -measure, then g4 € 1°(T'). Thus, as a corollary to Section 4,
we can state the following.

1/2

COROLLARY. Suppose 1<p<2, p'+q'=1, 0=§ <1, Z.,8/=w, and
27187 <. If A is the measure

s (1+§; - §
>k1< 2 80+126£2~n)
i=

on T, then the restriction of A to any set of positive A -measure is a singular measure
with Fourier transform in 19(Z).

This complements a result obtained in [1], that |A(n)|—>0as |n|—>®if §; —0.
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